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 Very recently, A. Constantin 1 considered a scalar boundary value
problem,
x  g t , x , y  h t , x , y 1Ž . Ž . Ž .
x 0  x 1  0, 2Ž . Ž . Ž .
and by making use of the topological transversality theorem by Dugundji
  Ž .and Granas 2 , he or she gave an existence theorem:
  2THEOREM A. Assume that f , g : 0, 1  R  R are continuous such
that
Ž . Ž . 2  Ž .  Ž . Ž 2 .1 xg t, x, y  mx and g t, x, y 	 A t, x W y for all
12 2Ž .   Ž . Ž .t, x, y 
 0, 1  R , where m
 0,  is a constant, A t, x is2
  Ž . Ž ..bounded on all compact subsets of 0, 1  R, and W
 C 0, , 0,
is nondecreasing and satisfies
 ds
.H W sŽ .0
Ž .  Ž .  Ž      . Ž .   22 h t, x, y 	M x  y for all t, x, y 
 0, 1  R , where0
0	  ,  1, M  0 are constants.0
Ž . Ž . 2 Then problem 1 , 2 has at least one solution x
 C 0, 1 .
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NOTE 375
In this note, by an upper and lower solution method, we give a simple
proof for a generalized form of the result. In fact, we consider the more
general problem
x  g t , x , y  h t , x , y , t
 0, 1 1Ž . Ž . Ž . Ž .
x 0 cos  x 0 sin  A , 3Ž . Ž . Ž .
x 1 cos 	 x 1 sin 	 B , 4Ž . Ž . Ž .
  2where g : 0, 1  R  R is continuous, and  , 	 , A, and B are constants
such that 0	   , 0 		  . And in what follows we always assume
Ž .that condition 2 of Theorem A is satisfied. Denote
 X x : 0, 1  R  x is continuous except in finitely many points
 in 0, 1 and x t , x t exist for every t
 0, 1 .4Ž . Ž . Ž . Ž .
For every a
 X the initial value problem

 cos2 
 a t sin2
 , a.e. t
 0, 1 ,Ž . Ž .

 0  Ž .
  Ž .has a unique solution 

 C 0, 1 . Denote it by 
 
 t, a,  ; we have
THEOREM 1. Assume that
Ž . Ž .1 There exists a
 X with 
 1, a,   	 such that
2  xg t , x , y a t x for x  r 0, a.e. t
 0, 1 and y
 R .Ž . Ž . Ž .
Ž .2 g satisfies a Nagumo condition, that is, for eery constant c 0
Ž . Ž ..  Ž .there exists  
 C 0, , 0, with H s ds s  such thatc 0 c
       g t , x , y 	  y for x 	 c, t
 0, 1 , and y
 R .Ž . Ž .c
Ž . Ž . Ž . 2Ž .Then problem 1 , 3 , 4 has at least one solution x
 C 0, 1 .
  Ž .Proof. From 3, Lemma 3 there exist constants  0 and  
  ,1
Ž . Ž .such that 
 1, a  ,   	. By the definition, 
 




 a t   sin2 
 , a.e. t
 0, 1 ,Ž . Ž .Ž .

 0   ,Ž . 1
from which it follows that 
 1 if 
 0 or  , and hence
 
 t , a  ,  
 0, for t
 0, 1 .Ž . Ž .1
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It is easily seen that the initial value problem
 a t   1  sin 
 t , a  , Ž . Ž .Ž . 1
cos 
 t , a  ,  , a.e. t
 0, 1 .Ž . Ž .1
 0  1Ž .
Ž .  has a unique solution   t  0 for t
 0, 1 . Denote
 x t   t sin 
 t , a  ,  
 C 0, 1 .Ž . Ž . Ž .0 1
By simple computation we have
  x t   t cos 
 t , a  ,  
 C 0, 1 ,Ž . Ž . Ž .0 1
and
x t  a t   x t  0, a.e. t
 0, 1 ,Ž . Ž . Ž . Ž .Ž .0 0
x 0 cos  x 0 sin  0 x 1 cos 	 x 1 sin 	 .Ž . Ž . Ž . Ž .0 0 0 0
Ž . Ž .  Let xMx t , xMx t for t
 0, 1 . By assumption 1 of Theorem 10 0
and condition 2 of Theorem A, for sufficiently large M, if we denote
f g h, we have that
f t , x t , x t  x t  0 f t , x t , x t  x tŽ . Ž . Ž . Ž . Ž . Ž .Ž . Ž .
for a.e. t
 0, 1 .Ž .
x 0 cos  x 0 sin  A x 0 cos  x 0 sin  ,Ž . Ž . Ž . Ž .
x 1 cos 	 x 1 sin 		 B	 x 1 cos 	 x 1 sin 	 .Ž . Ž . Ž . Ž .
Therefore, for M 0 large enough, x, x are upper and lower solutions of
the problem. The proof is complete.
Ž .Remark. Condition 
 1, a,   	 is equivalent to that there exists
Ž Ž . . Ž .q 
H 1, 0, 1 ,  , 	 , that is, q 
 L 0, 1 , such that the boundary value0 0 0
problem
x  q t x 0, a.e. t
 0, 1 ,Ž . Ž .0
x 0 cos  x 0 sin  x 1 cos 	 x 1 sin 	 0Ž . Ž . Ž . Ž .
Ž . Ž . Ž . Ž .has a nontrivial solution x x t  0 for t
 0, 1 , such that a t 	 q t0
Ž . Ž . Ž . Ž .for a.e. t
 0, 1 and a t  q t on a subset of 0, 1 with positive0
measure.
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Ž .From Theorem 1 and the Remark, as the special case  0, 	  ,
we have the following.
THEOREM 2. Assume that
Ž . Ž . Ž . 2   Ž .1 xg t, x, y a t x for x  r 0, y
 R, and a.e. t
 0, 1 ,
Ž . Ž . Ž . Ž . Ž .where a
 X such that a t 	 q t for a.e. t
 0, 1 and a t  q t on a0 0
Ž . Ž Ž . .subset of 0, 1 with positie measure for some q 
H 1, 0, 1 , 0, .0 0
Ž .2 g satisfies a Nagumo condition.
Ž . Ž . 2 Then problem 1 , 2 has at least one solution, x
 C 0, 1 .
Ž . Ž .In what follows, we will discuss the solvability of 1 , 2 by specifying the
Ž .function a t of assumption 1 in Theorem 2. At first, we give an improve-
 ment of Theorem A 1, Theorem 1 .
COROLLARY 1. Assume that
Ž . Ž . 2    1 xg t, x, y lx for x  r 0, y
 R, and t
 0, 1 , where
Ž 2 .l
 0, is a constant.
Ž .  Ž .  Ž . Ž 2 . Ž .   22 g t, x, y 	 A t, x W y for all t, x, y 
 0, 1  R , where
Ž .   Ž .A t, x is bounded on all compact subsets of 0, 1  R, and W
 C 0, ,
Ž ..0, satisfies

dsW s .Ž .H
0
Ž . Ž .Then problem 1 , 2 has at least one solution.
2 Ž Ž . .Proof. It is immediate from Theorem 1 since  
H 1, 0, 1 , 0, .0
 Second, we give a generalized form of 4, Theorem 1 .
COROLLARY 2. Assume that
Ž . Ž . Ž . 2   Ž .1 xg t, x, y a t x for x  r 0, a.e. t
 0, 1 , y
 R, where
a
 X such that there exist constants A 0 and B  2 satisfying
1
A	 a t 	 B , a t dt	 A B a  A ,Ž . Ž . Ž .H 1
0
for the minimal real root   of the equation1
1  ' ' ' 'A cth A  B tg B .ž /ž /2 2
Ž .2 g satisfies a Nagumo condition.
Ž . Ž .Then problem 1 , 2 has at least one solution.
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 Proof. From 4, Lemma 1 , the homogeneous problem
x  q t x 0, a.e. t
 0, 1 ,Ž . Ž .
x 0  x 1  0Ž . Ž .
Ž .has only the trivial solution x 0 for every q
 L 0, 1 such that
A	 q t 	 a t for a.e. t
 0, 1 .Ž . Ž . Ž .
  Ž Ž . .Since A 0, by 3, Theorem 4 there exists q 
H 1, 0, 1 , 0, such0 0
Ž . Ž . Ž . Ž . Ž . Ž .that a t 	 q t for a.e. t
 0, 1 and a t  q t on a subset of 0, 10 0
with positive measure. In view of Theorem 2, the proof is complete.
Remark. Even in the case where g, h are independent of y, Corollary 2
 is also an improvement of a recent result 4 by Wang and Li, where the
solvability was shown for the problem
x  f t , x  0Ž .
x 0  0 x 1Ž . Ž .
 under the conditions f , f : 0, 1  R R are continuous, and for A, B,x
Ž . Ž . Ž .a t are given as assumption 1 of Corollary 2, one has A	 f t, x 	 a tx
Ž .for x
 R, a.e. t
 0, 1 .
Ž .At last we give some a t , which are simple functions.
COROLLARY 3. Assume that
Ž . Ž . 2 2   Ž .1 xg t, x, y A x for x  r 0, y
 R, t
 t , t , ii i i1
 4k Ž .0, 1, . . . , k, where A  0, , 0 t  t    t  t  1 arei i0 0 1 k k1
constants.
Ž .  42 There exists i 
 1, 2, . . . , k such that0

A t  t    , i 0, 1, . . . , k ,Ž .i i1 i i 2
where     0, and if k i , we haei i 1 00 0
Ai1
  arctg tg A t  t   , i i  1, . . . , k ;Ž .i i1 i i1 i1 0½ 5Ai
if i  1 we hae0
Ai1
  arctg tg A t  t   , i i  2, . . . , 0.Ž .i i1 i2 i1 i1 0½ 5Ai
Ž .3 g satisfies a Nagumo condition.
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Ž . Ž . 2 Then problem 1 , 2 has at least one solution, x
 C 0, 1 .
Proof. Let
 
 t  P cos A t t   for t
 t , t , i i , . . . , k ,Ž . Ž .i i i i i i1 0
where P , i i , . . . , k, satisfy P  1 andi 0 i0
P cos   P cos A t  t   , i i , . . . , k 1 if i  k .Ž .i1 i1 i i i1 i i 0 0
By direct computation and in view of assumption 2 one can see that
1  Ž .  

 C t , 1 , 
 t  0 for t
 t , 1 andi i0 0

 t  A2
 t  0 for t
 t , t , i i , . . . , k .Ž . Ž . Ž .i i i1 0
By assumption 2 again, there exist constants A  A such thati k

A t  t  if k iŽ .k k1 k 02
A k1
A t  t  arctg tg A t  t   Ž . Ž .k k1 k k1 k k1 k1½ 5 2Ak
if k i .0
Denote
2q t  A for t
 t , t ,Ž . Ž .0 k k k1
 A2 for t
 t , t , i i , . . . , k 1 if k i ,Ž .i i i1 0 0
 
 t  P cos A t t   for t
 t , t .Ž . Ž .0 k k k k k k1
 
 t for t
 t , t if k i ,Ž . i k 00
where P  1,   0 if k i ; and if k i we definek k 0 0
Ak1
  arctg tg A t  t  Ž .i k1 k k1 k1½ 5Ak
and
P cos   P cos A t  t   .Ž .k k k1 k1 k k1 k1
1  Ž .  .It is easily seen that 
 
 C t , 1 , 
 t  0 for t
 t , 1 and0 i 0 i0 0

 t  q t 
 t  0, a.e. t
 t , 1 ,Ž . Ž . Ž . Ž .0 0 0 i0

 t  0 
 1 .Ž .Ž .0 i 00
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Ž . Ž .  In a similar way we can define q t and 
 t on 0, t such that0 0 i0
Ž . 2 Ž . 1  Ž .q t  A for t
 t , t for i 0, . . . , i  1, 
 
 C 0, t , 
 t  00 i i i1 0 0 i 00
Ž for t
 0, t andi0

 t  q t 
 t  0, a.e. t
 0, t .Ž . Ž . Ž . Ž .0 0 0 i0

 0  0 
 t .Ž . Ž .0 i0
Ž Ž . .By the definition we have q 
H 1, 0, 1 , 0, . Hence, the proof is0 0
complete from Theorem 2.
COROLLARY 4. Assume that
Ž . Ž . 2Ž . 2   Ž .1 xg t, x, y 
 t x for x  r 0, y
 R, a.e. t
 0, 1 ,
  Ž . Ž . Ž .where 
 : 0, 1  0, such that for some t
 0, 1 fixed 
 t is nonin-
Ž . Ž .creasing for t
 0, t and nondecreasing for t
 t, 1 , and
 1t

 t dt , 
 t dt .Ž . Ž .H H2 20 t
Ž .2 g satisfies a Nagumo condition.
Ž . Ž .Then problem 1 , 2 has at least one solution.
 4k1  4k 2Proof. From assumption 1, there exist  and s with 0 s i i1 i i1 0
s    s  s  t          1 such that1 k k 1 0 1 k k 12 2 1 1
k k1 2 

      , 
 s s  s  .Ž . Ž . Ž . Ž .Ý Ýi1 i1 i i i1 i2 2i0 i0
Denote i  k  1, k k  k  1, t  s , i 0, 1, . . . , t , t  s  k0 2 1 2 i i 0 i i 2
Ž . Ž . 1, i k  2, . . . , k, A  
 t , i 0, 1, . . . , k , A  
 t  1 , i2 i i 2 i i
k  1, . . . , k. Hence, we have2
A  A , i i  1, . . . , k ; A  A , i i  2, . . . , 0.i i1 0 i i1 0
Denote  , i 0, . . . , k as in assumption 2 of Corollary 3; it is easily seeni
that
A t  t   	 A t  t  A t  t  Ž . Ž . Ž .i i1 i i i i1 i i1 i i1 i1
k 
	 A t  t Ž .Ý i i1 i 2ii0
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for i i , . . . , k. Similarly, for i 0, . . . , i  1, we also have0 0

A t  t    .Ž .i i1 i i 2
The proof is complete from Corollary 3.
COROLLARY 5. Under the assumptions of Corollary 3, if 2 is replaced
by 2,
k k1 1 Ai1
A t  t  ln   ,Ž .Ý Ýi i1 i 2 Aii0 i0
Ž . Ž .then problem 1 , 2 has at least one solution.
Ž . 2 Ž .Proof. Denote q t  A for t
 t , t , i 0, 1, . . . , k; then the ini-i i i1
tial value problem
x  q t x 0, a.e. t
 0, 1 ,Ž . Ž .
x 0  0, x 0  1Ž . Ž .
Ž .    has a unique solution x x t on 0, 1 . From 5, p. 337, Theorem 4.1q
there exists a constant  such that the problem0
x  q t   x 0, a.e. t
 0, 1 ,Ž . Ž .Ž .0 0
x 0  0 x 1Ž . Ž .
Ž . Ž . Ž has a positive solution on 0, 1 . Therefore, if x t  0 for t
 0, 1 , thenq
  0 by the Sturm comparison theorem. Hence, to finish the proof we0
Ž . Ž need only show that x t  0 for t
 0, 1 .q
 Denote  , 
 : 0, 1  R byq q
22 t  q t x t  x t ,'Ž . Ž . Ž . Ž .q q q
q12 t x t , x t   t sin 
 t , cos 
 t , 




 t  q t dt sin 
 t cos 
 t d ln q ,Ž . Ž . Ž . Ž . Ž .q q q2
and hence,
11 112
 1  q t dt sin 2
 t d ln qŽ . Ž . Ž . Ž .H Hq q40 0




 t  q12 t  0 for t




 0, for t
 0, 1 .Ž . Ž . Ž .q
The proof is complete.
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